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The L(log Ly endpoint estimate for maximal singular 

integral operators 

Tuomas Hytonen and Carlos Perez 


Abstract 

We prove in this paper the following estimate for the maximal operator T* associated to the 
singular integral operator T : 

F7IIl>.»(w) ^ 1 1/(71 ^mogL)d>^)(7 dx, w > 0, 0 < e < 1. 

This follows from the sharp U’ estimate 

lir/ii„,., <1 <p<»,»>0, 0<«< 1, 

As as a consequence we deduce that 

< [w]a, log(e + [w]a„) r \f\wdx, 

Jm" 

extending the endpoint results obtained in [LOP] and [HP] to maximal singular integrals. Another 
consequence is a quantitative two weight bump estimate. 


1 Introduction and main results 

Very recently, the so called Muckenhoupt-Wheeden conjecture has been disproved by Reguera-Thiele 
in [RT]. This conjecture claimed that there exists a constant c such that for any function / and any 
weight w (i.e., a nonnegative locally integrable function), there holds 

II^/IIli.“-(w) f I/I Mwdx. (1) 

Jr 

where H is the Hilbert transform. The failure of the conjecture was previously obtained by M.C. 
Reguera in [Re] for a special model operator T instead of H. This conjecture was motivated by a 
similar inequality by C. Fefferman and E. Stein [FS] for the Hardy-Littlewood maximal function: 

Wf\\i\.op(^)<c f IfIMwdx. (2) 

Jr" 
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The importance of this result stems from the fact that it was a central piece in the approach by 
Fefferman-Stein to derive the following vector-valued extension of the classical LP Hardy-Littlewood 
maximal theorem: for every \ < p,q < oo, there is a finite constant c = Cp^q such that 

LP(R") 

This is a very deep theorem and has been used a lot in modern harmonic analysis explaining the 
central role of inequality (2). 

Inequality (1) was conjectured by B. Muckenhoupt and R. Wheeden during the 70’s. That this 
conjecture was believed to be false was already mentioned in [P2] where the best positive result in 
this direction so far can be found, and where M is replaced by M^xogiy, i.e., a maximal type operator 
that is “6-logarithmically” bigger than M: 

\\T f\y. Cs f IfjMmogLrMdx w>0. 

Jr" 

where T is the Calderon-Zygmund operator T. Until very recently the constant of the estimate did not 
play any essential role except, perhaps, for the fact that it blows up. If we check the computations in 
[P2] we find fhat Cs ^ e^. It furns ouf fhaf improving fhis consfanf would lead fo undersfanding deep 
quesfions in fhe area. One of fhe main purposes of fhis paper is fo improve fhis resulf in several ways. 
A firsl main direcfion is fo improve fhe exponential blow up by a linear blow up -. The second 
improvemenf consisfs of replacing T by fhe maximal singular integral operator T*. The method in 
[P2] cannot be used directly since the linearity of T played a crucial role. 

We refer to Section 2.3 for the definition of the maximal function Ma = Ma{L)- We remark that 
the operator Mipogiy is pointwise smaller than Mr = M^, r > \, which is an Ai weight and for 
which the result was known. 




Theorem 1.1. Let T be a Calderon-Zygmund operator with maximal singular integral operator T*. 
Then for any 0 < e < 1, 

\\T*f\y.«■(„)< — { \f{x)\MLpogLy{w){x)dx w>0 (4) 

f Jr" 


If we formally optimize this inequality in e we derive to the following conjecture: 

< cr \f{x)\ dx w>0, fe (5) 


To prove Theorem 1.1 we need first an LP version of this result, which is fully sharp, at least in 
the logarithmic case. The result will hold for all p e (1, oo) but for proving Theorem 1.1 we only 
need it when p is close to one. 

There are two relevant properties properties that will be used (see Lemma 4.2). The first one 
establishes that for appropriate A and all y e (0,1), we have {Ma/Y e A\ with constant [(44^/)^]^, 
independent of A and /. The second property is that is a bounded operator on LP (R") where 
A is the complementary Young function of A. The main example is A{t) - tP{\ + log'*’ t)P~^'^^, 
p e (1, oo), 6 e (0, oo) since 


by (25). 
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Theorem 1.2. Let \ < p < oo and let A be a Young function, then 


\\T fWlPiw) <CtP \\MA\\s{LP'{R"))\\f\\u>(^MA{w^/P}P) W > 0. (6) 

In the particular case A{t) - + log'*' we have 

W>0, 0<«<1. 

Another worthwhile example is given by Mi^fyogL)p-h'^og\ogL)p-'^+‘^ instead of for which: 


FVIIl/w < ctp '{\)''’^' 


<5 ^ \ ^H\o^L)P y log log L)^ ^1“'^ 


(w)) 


w>0, 0<d<l. 


There are some interesting consequences from Theorem 1.1, the first one is related to the one 
weight theory. We first recall that the definition of the Aoo constant considered in [HP] and where 
is shown it is the most suitable one. This definition was originally introduced by Fujii in [FI] and 
rediscovered later by Wilson in [Wl]. 


Definition 1.3. 

[w]a„ sup —— I M{wxq) dx. 

Q w{Q) Jq 

Observe that [w]a„ > 1 by the Lebesgue differentiation theorem. 

When specialized to weights w e Aoo or w G Ai, Theorem 1.1 yields the following corollary. 
It was formerly known for the linear singular integral T [HP], and this was used in the proof, which 
proceeded via the adjoint of T ; the novelty in the corollary below consists of dealing with the maximal 
singular integral T*. 


Corollary 1.4. 


and hence 


if*/iil‘.”(w) ^ logc^" + Ma„„) r 

Jr" 

IF*/IIli.»(w) ^ Ma, log(e + [w]a„.) 


I/I Mrv dx, 


f 

JR" 


I/I w dx, 


(V) 

( 8 ) 


The key result that we need is the following optimal reverse Holder’s inequality obtained in [HP] 
(see also [HPR] for a better proof and [DMRO] for new characterizations of the Aoo class of weights). 

Theorem 1.5. Let w e Aoo, (hen there exists a dimensional constant t„ such that 




w 


where 


rw — 1 "t" 


1 


t«[w]a„ 

Proof of Corollary 1.4. To apply (4), we use logt < — for t > 1 and a > 0 to deduce that 


1 

^L(logL)/vv) < — M^i+.o(w) 


Hence, if w £ Aoo we can choose a such that ae = ^ . Then, applying Theorem 1.5 

1 1 , 1 , 

-ML(\ogLy{w) < -(eT[w]A„) Mu^fw) < -[w]^ M(w) 
e e ^ ^oo 

and optimizing with e w l/log(e + [w]a„) we obtain (7). 


□ 
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As a consequence of Theorem 1.1 we have, by using some variations of the ideas from [CPI], the 
following: 

Corollary 1.6. Let u,cr be a pair of weights and let p e (I, oo). We also let 6,61,62 e (0,1]. Then 


(a) If 

1 r , 

\Q\ JQ j 

then 

\\T\fa)\\ij,.^(u)<\K{\)^IP’\\f\\u>ia) 
6 6 

(The boundedness in the case <5 = 0 is false as shown in [ CPI ].) 

(b) Ai consequence, if 


K - sup \\u 


i/pi 


''U> (log L)P-^+‘,Q 


K = sup \\u^'P\\ 
Q 


LP (log 


+ sup 
Q 


I r ' 

Kp' (log L)P'Q 


< 00, 


(9) 

( 10 ) 


( 11 ) 


then 


\\T\f(T)\\vqu) < K 


1 /1 


di \di 
V ' 




II/IIlp(^). 


( 12 ) 


The first qualitative result as in (10) was obtained in [CPI], Theorem 1.2 and its extension Theo¬ 
rem 4.1. 

We remark that this result holds for any operator T which satisfies estimate (4). We also remark 
that this corollary improves the main results from [CRV] (see also [ACM]) by providing very precise 
quantitative estimates. We refer to these papers for historical information about this problem. 

We don’t know whether the factors j , i - 1,2 can be removed or improved from the estimate 
(12). Perhaps our method is not so precise to prove the conjecture formulated in Section 7. However, 
it is clear from our arguments that these factors are due to the appearance of the factor ^ in (4). 


Acknowledgments 

We would like to thank the anonymous referee for detailed comments that improved the presentation. 


2 Basic definitions and notation 

2.1 Singular integrals 

In this section we collect some notation and recall some classical results. 

By a Calderon-Zygmund operator we mean a continuous linear operator 
T : C“(M.”) ^ D'(R”) that extends to a bounded operator on L^(l."), and whose distributional kernel 
K coincides away from the diagonal x = y in R” x R” with a function K satisfying the size estimate 
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and the regularity condition: for some e > 0, 


\K{x, y) - K{z, y)| + |i^(y, x) - K(y, z)\ < c-^—f 

\x-y\ 

whenever 2\x - z| < |;c - y|, and so that 

Tf{x) = f K(x,y)f(y)dy, 

Jr" 

whenever / € and ;c i supp(/). 

Also we will denote by T* the associated maximal singular integral: 


n+e ’ 


T'*f{x) ^ sup 
£>0 


/ 

Jlv- 


K{x,y)f{y)dy 


f e Co“(r) 


l\y-x\>E 

More information can be found in many places as for instance in [G] or [Duo]. 


2.2 Orlicz spaces and normalized measures 

We will also need some basic facts from the theory of Orlicz spaces that we state without proof. We 
refer to the book of Rao and Ren [RR] for the proofs and more information on Orlicz spaces. Another 
interesting recent book is [W2]. 

A Young function is a convex, increasing function A : [0, oo) ^ [0, oo) with A(0) = 0, such that 
A{t) —> oo as t ^ oo. Such a function is automatically continuous. From these properties it follows 
that A : [to, “) —> [0, oo) is a strictly increasing bijection, where to - sup(t e [0, oo) : A(t) = Oj. Thus 
A“'(t) is well-defined (single-valued) for t > 0, but in general it may happen that A“^(0) = [0, to] is 
an interval. 

The properties of A easily imply that for 0 < £ < 1 and t > 0 

A(et)<£A(t). (13) 

The A-norm of a function / over a set E with finite measure is defined by 

ll/IU,i? - ll/IU(L),£ = infjd > 0 : j^A^I^yx < 1} 

where as usual we define fhe average of / over a cube E, jg / dx. 

In many sifuations fhe convexify does nof play any role and basically fhe monofonicify is the 
fundamental property. The convexity is used for proving that || \\a^e is a norm which is often not 
required. 

We will use the fact that 

ll/IU,£ < 1 if and only if ^ (l/WI) dx < 1. (14) 

Associated with each Young function A, one can define a complemenfary funcfion 

A{s) = sup(5t - A(t)) 5 > 0. (15) 

/>o 

Then A is finife-valued if and only if lim^^oo A(t)/t = supy>QA(t)/t = oo, which we henceforth assume; 
ofherwise, A{s) = oo for all s > sup^^Q A(t)/t. Also, A is sfricfly increasing on [0, oo) if and only if 
lim^^o A(t)/t = inff>o A(t)/t = 0; ofherwise A{s) - 0 for all s < infoo A(t)/t. 
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Such A is also a Young function and has the property that 

St < A{t) + A{s), t,s>0. (16) 

and also 

t <A-\t)A-\t) <2t, t>0. (17) 

The main property is the following generalized Holder’s inequality 

^ J^|/g|r/x<2||/|U,£||glU-,£. (18) 

As we already mentioned, the following Young functions play a main role in the theory: 

A(0 = fil + log-" t,S>0,p>l. 

2.3 General maximal functions and boundedness: precise versions of old results 

Given a Young function A or more generally any positive function A(t) we define the following max¬ 
imal operator ([P1],[P2]) 

MA{L)f{x) ^ MAfix) = sup ||/|U,Q. 

Q3X 

This operator satisfies fhe following distribufional fype esfimafe: fhere are finite dimensional constants 
c„,dn such that 

\{x € R” : M^f{x) > f}| < Cfj I A [r/„ —| dx f >0, t > 0 (19) 

Jr" \ 1 / 

This follows from standard methods and we refer to [CMP, Remark A.3] for details. 

A first consequence of this estimate is the following LP estimate of the operator, which is nothing 
more than a more precise version of one the main results from [PI]. A second application will be 
used in the proof of Lemma 4.2. 

Lemma 2.1. Let A be a Young function, then 

l|AfAlls(z/(R")) <c„ap{A) (20) 

where ap{A) is the following tail condition that plays a central role in the sequel 



Examples of functions satisfying the Bp condition are A(t) = t^, \ < q < p. More interesting 
examples are given by 

Mt) « tP log(0-i log \og{t)-^^^^\ p > 1, d > 0. 

(1 + log ty*° 

Often we need to consider instead of the function A in (21) the complementary A. 

We also record a basic estimate between a Young function and its derivative: 

A(0 < tA\t) (22) 

which holds for any t € (0, oo) such that A'{t) does exist. 
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There is the following useful alternative estimate of (20) that will be used in the sequel. Although 
variants of this lemma are well known in the literature (cf. [CMP], Proposition 5.10), we would 
like to stress the fact that we avoid the doubling condition on the Young functions B and B, which 
is important in view of the quantitative applications to follow: even if our typical Young functions 
are actually doubling, we want to avoid the appearance of their (large) doubling constants in our 
estimates. 


Lemma 2.2. Let B a Young function. Then 


■")) — 


(23) 


where 


Pi 


( /-•oo . \Vp 

f (^ydB(t)] 


Proof. We first prove that for a > 0 


r dB{t) ^ 

r (—)' 

Co 

1 

1 

JB-ha)^B{ty 


^dB{t). 


(24) 


We discretize the integrals with a sequence := rfa, where ?/ > 1 and eventually we pass to the 
limit T] ^ \. Then 


dm^Y f 

Similarly, 


^OO 

Jb-‘( 


‘(at) 


dB{t) 

~tP~ 


1 

^ B-'^{ak)P 


n ( t \p - ^ rB-iaM) f 

Js-Ha) 

ti^BiB ^{Qk+v))’ Js-Uat) 


^^dB{t) 


dB{t) = > —r 
^ ^ R-it 


ti 


(fljt+l - Qk). 




fl/t+l 


) (o^tr+i - ak). 


where we used the fact that 1 1 -> B{t)lt is increasing, so its reciprocal is decreasing. Moreover, 

-ir^. ^'l7^ y I 


B (aic+i) ^ B \ak)B fau) (^) au 


ak+\ 


and hence 


Ok+I B !(«<:) ^k+l B fuk) rjB Kcik) 

Jn-'W (' 


Since this is valid for any rj > 1, we obtain (24). 

Now, let ti = max(l, to), where to = maxjf : B{t) = 0}. Using B{t)dtlt < dB{t) and applying (24) 
with a = B{t\ + e) > 0 


ap{B) = lim 


dB{t)f/p 


)' 


(24) 

< 


(f 

''Jn+e ^ JB-HB{t[+f;)) 


where in the last step we used (17) with t = B{t\ + e) to conclude that 


+ 6 


since B{t)lt is increasing and ti > 1. 
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In this paper we will consider B so that B{t) = A{t) = t^(l + log'*'d > 0. Then, for 
0<d< 1 


A'{t) < 2p—^ t > 1 

t 


and 


Thus, by the lemma 


A(l) - sup {t - tP) - (t - tP) 


t=p-'lip-i) 


r 

J(p-i)p-p' \Mt)l 


^{p-\)p p. 


A/p' 


it)dt\ <CnP |- 


1/p' 


a\\s(Lp'{W')) - 

Similarly for the smaller functional: 

B{t) - A{t) = tP{l + log+ t)P-\l + log+(l + log+ 5 > 0. 

Then, using that A'{t) <3p ^ t > 1, when 0 < d < 1 and hence by the lemma 

Up' 


a\\b{Lp' (wy) ^CnP I- 


(25) 


2.4 The iteration lemma 

We will need the following variation of the Rubio de Francia algorithm. 

Lemma 2.3. Let 1 < 5 < ex? and let v be a weight. Then there exists a nonnegative sublinear 
operator R satisfying the following properties: 

(a) h < R{h) 

(b) ||R(/i)||Lyw) < 2 ||/r||L»(v) 

(c) R{h)v^^^ e Ai with 

[R(/i)v^^^]a, < cs' 


Proof We consider the operator 


Since \\M\\i,s ~ s', we have 


Sif) = 


yl/i 


II‘^(/)IIl'(v) ^ C 5 '||/||z,.v(v). 
Now, define the Rubio de Francia operator R by 


00 

R{h) - 2] 


k=a 


1 S'^Qi) 

2*^(l|5|b(v))'^’ 


It is very simple to check that R satisfies fhe required properties. 


□ 






2.5 Two weight maximal function 

Our main new result is intimately related to a sharp two weight estimate for M. 

Theorem 2.4. Given a pair of weights u, a and p, \ < p < oo, suppose that 

K ^ sup u(y) dyj ||y ^ < oo. (26) 

where X is a Banach function space such that its corresponding associate space X' satisfies Mx' '■ 
V’iMr) LP(R"). Then 

\\M{fo-)\\u,^u) ^ K WMx'WsiD’ivi')) II/IIl/'Co-) (27) 

In particular ifX - Lb with B{t) = t^ (1 + log’*’ ty d > 0, then by (25) 

ll-^X'llsCZ/tR")) - \Wb\\b(U’(W)) ~ ■ 

o 

where the last » is valid for d < 1. 

This result together with some improvements can be found in [PR]. 


3 Dyadic theory 


In this section we define an important class of dyadic model operators and recall a general result 
by which norm inequalities for maximal singular integral operators can be reduced to these dyadic 
operators. The result is due to Lerner [Le2], and comes from his approach to prove the A 2 theorem 
proved by the first author [H]. 

We say that a dyadic grid, denoted D, is a collection of cubes in R” with the following properties: 

1) each Q € T) satisfies \Q\ - 2”^ for some k €Z\ 

2) if Q, P € D fhen Q r\ P = 0, P, or Q-, 

3) for each k eZ, the family Djt = (2 e D : 121-2”^} forms a partition of R". 

We say that a family of dyadic cubes 5 c iD is sparse if for each Q e S, 


U ^ tIGI- 


Q'eS 

Q'QQ 


Given a sparse family, S, if we define 


E{Q):=Q\ U e', 


Q'eS 

Q'QQ 


then 

1 ) the family {E{Q)\q^s is pairwise disjoint 

2) E{Q) c Q, and 

3) 121 < 2|£(2)|. 

If .S c 2) is a sparse family we define fhe sparse Calderon-Zygmund operator associated to S as 


As already mentioned the key idea is to “transplant” the continuous case to the discrete version 
by means of the following theorem. 
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Theorem 3.1. Suppose that X is a quasi-Banach function space on R” and T is a Calderon-Zygmund 
operator. Then there exists a constant cj 


l|7"*lls(X) ct sup ||r‘^||B(z)- 


For Banach function spaces (without ‘quasi-’), this theorem is due to Lerner [Le2]. The stated 
generalization was obtained independently by Lerner and Nazarov [LN] on the one hand, and by 
Conde-Alonso and Rey [CAR] on the other hand. As a matter of fact, the last two papers only 
explicitly deal with the Calderon-Zygmund operator T rather than the maximal truncation T*, but the 
version above follows immediately from the same considerations, say, by combining [HLP, Theorem 
2.1] and [CAR, Theorem A]. 

We will not prove this theorem, we will simply mention that a key tool is the decomposition 
formula for functions found previously by Lerner [Lei] using the median. The main idea of this 
decomposition goes back to the work of Fujii [F2] where the standard average is used instead. 


4 Proof of Theorem 1.2 


4.1 Two lemmas 


Following the notion of dyadic singular integral operator mentioned in the section above we have the 
following key Lemma. 


Lemma 4.1. Let w g Aoo- Then for any sparse family S c D 


WT^fhq^) < 8[w]aJ|M/||^.(,) 


(28) 


Proof The left hand side equals for / > 0 



By the Carleson embedding theorem, applied to g = (Mff^^, we have 



provided that the Carleson condition 


^ w(0 < Kw{R) 


(29) 


QeS 

QQR 


is satisfied. To prove (29), we observe that 



M{lRw){z)dz < 2[w]a„w(R). 


QcR QQR QQR 


QQR 


This proves (29) with K - 2[w]a„, and the lemma follows. 


□ 
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Actually, in the applications we have in mind we just need this for w e c Aoo for some fixed 
finite q. 

The second lemma is an extension of the well known Coifman-Rochberg Lemma: 


If 7 e (0,1) then M(u.yeA\ with [M(uy]. <—— 

Ai 1 - y 

Lemma 4.2. Let A be a Young function and u be a nonnegative function such that Mau{x) < oo a.e. 
For y G (0,1), there is a dimensional constant Cn such that 

mAUy^M<CnCy. (30) 

A statement of this type is contained in [CMP], Proposition 5.32, but there it is suggested that the 
bound may also depend on the Young function A, while our version shows that it does not. This is 
again important for the quantitative consequences. 


Proof We claim now that for each cube Q and each u 


£ 


MyuxQ){xy dx < Cn,y ||m|| 


A.e 


(31) 


By homogeneity we may assume ||m||^ e “ Particular, that ^QA(u{x))dx < 1. 

Now, the proof of (31) is based on the distributional estimate (19). We split the integral at a level 
A > bn, yet to be chosen: 

r 1 r“ dt 

f MA{uxQ){xy dx = ■^. \ jt^WxeQ: Ma{uxq){x) > t}| — 

JQ 1(21 Jo ‘ 

- ia J„ + ia i, J/f'’"—V'T 

1 ^OO ^ L 

<A'>' + — I yFa,, I ^A(|M(x)|)dx— 

1(21 Ja Jq ‘ ' 

< + anbny f y~^dt = + a„bn ^ . 

Ja 1 - r 


With A = anbn,'we. arrive at 


£ 


fl/f r \'y a ^ iP-nhny 
MA(uxQ){xy dx< — 


(32) 


>Q ^-y 

which is (31), in view of our normalization that ||M||A,e = 1- 

We will use the following fact that can be also found in [CMP] : for every Q 

Mjfuxvxi q)(x) ~ sup ||m^r«\ 3 elU p 

PdQ 

where the constant in the direction < is dimensional (actually 3”). (32) shows that Myff xvxiQ) is 
essentially constant on Q. 

Finally since A is a Young, the triangle inequality combined with (31) and (32) gives for every 

y^Q, 


£ 


M.u{xy dx 


< 3 


4 M^{ux3Q){xy dx + j M^(uxR'-\3Q)(xy dx. 
J3Q JQ 


< Cn,y Wuf , „ + 3" ( sup ||M^Rn\3e|U,p)^ 

p^Q 

< Cn,yMj^u(yy. 
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This completes the proof of the lemma. 


□ 


4.2 Proof of Theorem 1.2 

We have to prove 

\\T*f\\LP{w) ^ cj-p'w > 0. 
and if we use the notation Ap{t) = this becomes 

\\T*f\\D’iw) < Ctp' I|A^^IIs(Lp'(R")) ll/llt^(MAp(w))- 
By Theorem 3.1 everything is reduced to proving that 

WT'^fWu’iw) ^ p' ll■'^Alls(L'>'(R")) WfWo’iMApiw)} S c D. (33) 

Now, by duality we will prove the equivalent estimate 

I|T'^(/w)IIl;^'(Map(w)‘-'’') ~ P \\^a\\s{Lp'{V)) \\f\\D’'{wy 

because the adjoint of (with respect to the Lebesgue measure) is itself. 

The main claim is the following: 

Lemma 4.3. 


^s)\\d’'{MA piwy-’’') ~ P \\^^s)\\lp'(MA piKy-p') 


ScD g>0. 


(34) 


Proof. Now 


^8)\\u’'{MAp(wy-p') ~ 


T^g) 


Ma„w 


Lp'{Ma„w) 


and by duality we have that for some nonnegative h with ||/z||z/(M/ipW) - 1 

T^(g) 


MApW 


LP'iMApW) 


f 

JR" 


T^{g)hdx 


Now, by Lemma 2.3 with s - p and v = Ma w there exists an operator R such that 

(A) h < R{h) 

(B) \\R{h)\\ij>(MApW) ^ WA\u’(MApW) 

(C) [R{h){MApWflP^A, < cp'. 

Hence, 

\\T^(^g)\\u”iMApi.rp')^ f T^ig)Rhdx. 

Next we plan to replace T'^ by M by using Lemma 4.1. To do this we to estimate the Aq constant of Rh, 
for a fixed g > 1 (in fact, q = 3) using property (C) combining the following two facts. The first one 
is well known, is the easy part of the factorization theorem, if wi, W 2 e Ai, then w = e Ap, 

and 

[w]Ap < [Wi]a,[W2]^“' 

The second fact is Lemma 4.2 
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Now if we choose j - jin Lemma 4.2, 


[RmA^ < 


< [R{h){MA^w)hA,KMAw)hl~' 

< Cnp'[MA{w^^P)hl^' 

Ai 

< C„p' 


by the lemma and since Ap{t) - A{t^^P). 

Therefore, by Lemma 4.1 and by properties (A) and (B) together with Holder, 


f 

JR" 


T^{g)hdx < 


f 

JR" 


^ P 


T^{g)R{h)dx< [R{h)]A 
M{g) 


f 

JR" 


Ma^w 


M(g)R(h) dx 

M{g) 


\\Rh\\lJ>{MA„w) - Cn p' 


U’ (MApW) 


Ma^w 


U’ (MapW) 


This proves claim (34). □ 

With (34), the proof of Theorem 1.2 is reduced to showing that 


\\^if'^)\\LP'(MAp(w)'-P') - (^\\^a\\s(Lp'(R")) II/IIlp'Cw) 


for which we can apply the two weight theorem for the maximal function (Theorem 2.4) to the couple 
of weights {Ma (w)^~p ,w) with exponent p'. We need then to compute (26): (We reproduce this 
short calculation from [CMP], Theorem 6.4, for completeness.) 





< 




||w 


U.e 



1 , 


since Ap{t) = A{t^^P). Hence 


ll■^(/w)llLf’'(MA(^v)‘-P') - ^ II-^aIIsCLp'CR")) II/IIlp'Cw) 


concluding the proof of the theorem. 


5 Proof of Theorem 1.1 

To prove the Theorem we follow the basic scheme as in [P2] (see also [LOP], [HP]). 

Thanks to Theorem 3.1, it is enough to prove the following dyadic version: 

Proposition 5,1. Let D be a dyadic grid and let S c D be a sparse family. Then, there is a universal 
constant c independent of D and S such that for any 0 < e < 1 

I|7'‘^/IIli.<»(w) < - r \fix)\MmogLYiw)ix)dx w>0 (35) 

f JR" 

Note that in order to deduce Theorem 1.1 from the Proposition above, we need the full strength 
of Theorem 3.1 with quasi-Banach function space, because the space L'’“ is not normable. It is 
also possible to prove Theorem 1.1 directly (without going through the dyadic model); this was our 
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original approach, since the quasi-Banach version of Theorem 3.1 was not yet available at that point. 
However, we now present a proof via the dyadic model, which simplifies the argument. 

Recall that the sparse Calderon-Zygmund operator T‘^ is defined by, 

T'^f ^ y, f fdx-XQ- 

By homogeneify on / if would be enough fo prove 

w{x e R" : >2} <- f \f{x)\ML(\ogLY{w){x)dx. 

^ Jr" 

We consider fhe fhe CZ decomposifion of / wifh respecf fo fhe grid T) af level A = 1. There is 
family of pairwise disjoinf cubes {Qj} from T) such fhaf 

1 < — r I/I < 2 " 

\Qj\ 4 

Lef = IJ; Qj and Q. - [Jj3Qj . The “good part” is defined by 


g = 


y IQjXqM) + f{x)xn<x). 


and if satisfies UgllL" < 2" by consfrucfion. The “bad parf” b is b = where bj{x) = (fix) - 

j 

fQj)XQ {x). Then, f - g + b and we splif fhe level sef as 

w{x e R^' : T-^f(x) > 2} < w(n) -t w{;c e : T-^bix) > 1} 

-t w{x e (hy : T-^g(x) > 1} ^ I + 11 + HI. 

As in [P2], fhe mosf singular ferm is III. We firsf deal wifh fhe easier ferms / and 11, which 
acfually safisfy fhe better bound 

I + II <Ct II/IIl 1 (Mw)- 

The firsf is simply fhe classical Fefferman-Slein inequalify (2). 

To estimate II - w{x e {Q.y : \T‘^b(x)\ > 1) we argue as follows: 

w{x € (O/ : \T'^b(x)\ > 1} < I \T'^b(x)\w{x)dx < y f \T^{bj){x)\w{x)dx 

jRnn ; -iR"' " 


tR"\0 


< 


V r \T^{bj){x)\w{x)dx 
i Jr"\3Qj 


We fix one of fhese j and estimate now T^(bj){x) for x i 3Qf 

T^(bj){x) = yi bjdyxQ{x)= J] + 4 " 4 

26*5 *^2 QeS.QcQj QeS.QDQj QeS.QdQj 


since x ^ Qj. Now, fhis expression is equal fo 


V -L f 


if(y)-fQj)dy -XQix) 


and fhis expresion is zero by fhe key cancellafion: jg (/(y) - /gy) dy - 0. Hence II - 0, and we are 
only leff wifh fhe singular ferm Ill. 
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5.1 Estimate for part 111 

We now consider the last term 111, the singular part. We apply Chebyschev’s inequality and then (33) 
with exponent p and functional A, that will be chosen soon: 

HI =w{xe(a)^:r‘^g(x)> 1} 

^ ^Jg\MA^{wx^^y)dx, 

using the boundedness of g by 2" < 1, and denoting Ap{t) = A{t^lP). 

Now, we will make use of (32) again: for an arbitrary Young function B, a nonnegative function 
w with Mbw{x) < oo a.e., and a cube Q, we have 


MB(Xv^j,Qw)(y) ~ Mb(Xw^^7.qW){z) (36) 

for each y,z ^ Q with dimensional constants. Hence, combining (36) with the definition of g we have 


£\g\MA,(wx^nr)^x< u |/(x)|r/v inf Map(w^, 

f ^ 


(ny) 


^ \fix)\MA^wix) dx, 
In 


and of course 


Combining these, we have 


I \g\MApiwx^iiy)dx < I |/|MA„wdv. 
Jnc Jnc 


We optimize this estimate by choosing an appropriate A. To do this we apply now Lemma 2.2 
and more particularly to the example considered in (25), namely B is so that B(t) = A{t) - tP{\ + 
log'*' , d > 0. Then 


\\^A\\e(U’'(R'‘)) - 


r"(—r^' 

Ji Uwi 


A/p' 


{t)dt\ ^ PI ^ 


i/p' 


0 < d < 1 


Then Ap(t) = A{t^lP) < t{\ + log'*' t)P and we have 

111 < {p')P r'L I/I Mu\ogLY-^*^iw){x) dx. 

Now if we choose p such that 


1 i if 6 < 1. 

This concludes the proof of (35), and hence of Theorem 1.1. 
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6 Proof of Corollary 1.6 

We follow very closely the argument given in [CPI], the essential difference is that we compute in a 
more precise way the constants involved. We consider the set 

Q = {;c £ R” : T*{fo-){x) > 1} 

Then by homogeneity it is enough to prove 

ll/lb,(37) 

o o 

where we recall that 

K - sup 

Now, by duality, there exists a non-negative function h € (R”), l|f2|lL;/(Rn) = T such that 

^Wu^'PxaWu’m^ f u^'<’hdx = u^lPh{Q.)<- f lflMmogL) 4 u^^Ph)crdx 
Ja ^ JR" 

f \f\P o-d^ [ f Mu\ogL)s{u^lPhf' crdx 

'r" / \Jr" 

where we have used inequality (4) from Theorem 1.1 and then Holder’s inequality. Therefore every¬ 
thing is reduced to understanding a two weight estimate for Mi(\ogLf- 

We need the following Lemma that can be found in [PI] or in [CMP] Appendix A, Proposition 
A.l 




Lemma 6.1. Given a Young function A, suppose f is a non-negative function such that ||/|U,q tends 
to zero as l(Q) tends to infinity. Given a > for each k ^ "L there exists a disjoint collection of 
maximal dyadic cubes 12^) such that for each j, 

ct < ll/IU g. < 2"/, (39) 

and 

(x e R” : M^fi^x) > 4”/) c [J 3Q). 

j 

Further, let Dj^ - [J; Q^. and E^. - Q^.\ {Q^. n Dyt+i). Then the E^.’s are pairwise disjoint for all j and 
k and there exists a constant a > I, depending only on a, such that |2yl ^ o;\E^j\. 

Fix a function h bounded with compact support. Fix a > 2"+'; for it G Z let 

D.k = {xeR" : 4"a^ < Ma/(x) < 4"a^+M- 


Then by Lemma 6.1, 

Qi: c 32^:, where ll/IU,e* > 
j 

We will use a generalization of Holder’s inequality due to O’Neil [01]. (Also see Rao and Ren 
[RR, p. 64].) We include a proof for the reader’s convenience. 
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( 40 ) 


Lemma 6.2. Let A, B and C be Young functions such that 

B-\t)C-\t) < KA-\t), t > 0. 

Then for all functions f and g and all cubes Q, 

\\fg\\A,Q < 2^||/||B,ellg||c,G- (41) 


Proof. The assumption (40) says that if A{x) - B(y) = C{z), then yz < kx. Let us derive a more 
applicable consequence: 

Lety,z e [0, oo), and assume without loss of generality (by symmetry) that B(y) < C(z). Since 
Young functions are onto, we can find a y' > y and x e [0, oo) such that B(y') = C{z) - A{x). Then 
(40) tells us that yz < y'z < kx. Since A is increasing, it follows that 

a(^) < A(v) = C{z) - max(B(y), C(z)) < B(y) + C(z). (42) 

^ K ^ 


Let then s > |1 /||b and t > ||g||c- Then, using (42), 

and hence 

r,4(M)<ir^(!A!)<i. 

Jq ^iKSt' IJq ^KSt’ 

This proves that ||/glU ^ 2k st, and taking the infimum over admissible s and t proves the claim. 


If A(t) = t(l + log'*' ty, the goal is to “break” Ma in an optimal way, with functions B and C so 
that one of them, for instance B, has to be B{t) = tP{l + log'*’ coming from (38). 

We can therefore estimate Ma using Lemma 6.1 as follows: 


r {Ma{u^^^ hfY crdx f (Ma(u^^^ h)y o-dx 

Jr" ^ Jn* 

<cY_^a^P'o-{Q.k) 


<cY,a^P'cr{3Q]) 

j.k 


j.k 


cT(3(2;)iiu'/'’ii(gji/jii;('^, 


by (41). Now since ||uOp||^ * < 3”\\u^Ip\\j^^^, we can apply condition (38), and since the are 

.Sdj . '^j ] 

disjoint. 


<c 


Ik 


f \ 

crdx 

U3<2;i J 

/ 




X 

j,k 


Mc{h)P' dx 


<KP' f Mc(h)P' dx. 
JR 


<KP' \\Mc\f' , I hP' 

" ^llstLPhR")) 


dx. 
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If we choose C such that Me is bounded on LP (R”), namely it must satisfy the tail condition (21). We 
are left with choosing the appropriate C. Now, 1 < p < oo and d > 0 are fixed from condition (38) 
but e > 0 is free and will be chosen appropriately close to 0. To be more precise we need to choose 
0 < e < d/p and let p = d - pe. Then 


A-\t) 


t 

(1 + iog+ ty 

t^p 


(1 + log+ tYAp-\+v)lp 




where 

B{t) « tP{l + log+ f)(i+«)P-i+'? ^ tP{l + log"" 

and 

C(0 « tP'{i + iog+ t)-^-iP'-y)v 

These manipulations follow essentially O’Neil [02] but we need to be careful with the constants. 

It follows at once from Lemma 2.1 that 

II^cIIs(l/’'(R")) ~ (“) ^ ’ 

where we suppress the multiplicative dependence on p. Finally if we choose £ = ^ we get the desired 
result: 

uiaf'P <\K{\)^IP'\\f\\u,^^) (43) 

d d 

This completes the proof of part (a) of Corollary 6. 

To prove part (b) we combine Lerner’s theorem 3.1, 

\\T*f\\u’(u) ^ Cj sup \\T^f\\LP(u), 

ScT> 

with the characterization of the two-weight inequalities for from [LSU] by testing conditions: a 
combination of their characterizations for weak and strong norm inequalities shows in particular that 

\\T^{■0')\\lJ’(cr)^U’(u) ~ l|T‘^(-0')llL/'(a-)-^Z/''”(«) + \\T^{■U)\\ij>' 

Now, as it is mentioned after the statement of Corollary 1.6, since satisfies estimate (4) (see 
(35)) we can apply the same argument as the just given to both summands and since that estimate has 
to be independent of the grid and we must take the two weight constant K over all cubes, not just for 
those from the specific grid. This concludes fhe proof of the corollary. 


7 Conjectures 

A conjecture related to Corollary 1.6 is as follows: 

Conjecture 7.1. Let T*, p, u, cr as above. Let X is a Banach function space so that its corresponding 
associate space X' satisfies Mx' ' Lp'{M.") LP'(Wf. If 

u 


K - sup \\u 


i/pii 


"X,Q 


erdx 


Up’ 


< oo. 


(44) 
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then 


(45) 


As a consequence, ifY is another Banach function space with My : L^(K.”) —> L^(K.”) and if 

then 

\\T*{fcr)\\v>(u) < K (^\Mx' lls(LP'(R")) + \\My ||s(z/(R"))) WfWuqcT) (47) 

This is a generalization of the conjecture stated in [CRV] which arises from the work [CPI, CP2]. 
We also refer to the recent papers [La, TV] for further results in this direction. 

If we could prove this, we would get as corollary: 

Corollary 7.2. 

iir*iis(LP(w)) < c[w]yx([w]yx' + MiX) (48) 

This last result itself is known [HL] (see also [HLP] for a more general case), but not as a corollary 
of a general two-weight norm inequality. 
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